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Abstract. We report on observable new features related to ionization of atoms by laser pulses of only few
cycles and some intensity. We show that for particular photo-electron energies, the angular distribution
becomes asymmetric and that this asymmetry is related to the initial phase of the field.

PACS. 32.80.-t Photon interactions with atoms – 42.50.Dv Nonclassical field states; squeezed, anti-
bunched, and sub-Poissonian states; operational definitions of the phase of the field; phase measurements
– 32.80.Wr Other multiphoton processes

1 Introduction

Rapid technological developments during the last few
years have led to the realization of ultrashort laser pulses
(less than 10 fs) at optical frequencies and relatively high
intensities reaching up to 1016 W/cm2. This means that
such pulses consist of a few optical cycles under some en-
velope defining the overall shape of the pulse (see Fig. 1).
In addition, the repetition rate of these devices can be as
high as 1 Ghz, a feature that allows for experiments with
very low signal per pulse and will be important in our dis-
cussion later on. In a pulse of so few cycles, the events in
every single cycle carry a significant weight in the over-
all process. And, since the initial phase of the field (as
it is defined by φ in Eq. (4)) can be arbitrary, the pres-
ence of a partial cycle among a few complete cycles can
be the source of unusual effects, which from the standard
perspective of photo-interactions with long pulses of tens
of cycles, may seem counter-intuitive. If we consider the
time-dependent field as a sinusoid multiplied by a shaped
envelope (Gaussian), changing the initial phase simply is
equivalent to shift the sinusoid within the envelope on the
time scale. Thus, since only very few cycles with differ-
ent amplitudes are contained in the envelope, whether the
field is pointing up, or down (which can be achieved by
changing the initial phase) at the very time where the en-
velope is maximum, will dramatically alter the physical
processes leading, for example, to ejection of electrons in
either of the directions up or down. The obvious conse-
quence of a short pulse, whose bandwidth can be assumed
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to be Fourier limited, is the broad spectral width. The
more subtle consequences have to do with the sensitivity
of a process like ionization to the details of the shape of the
envelope and to the initial phase of the field to which it is
intimately connected. The motivation for and the purpose
of this work has been the exploration of the phenomena
which are affected by these new features of such pulses
and conversely to explore how well-studied aspects such
as ionization may be exploited to detect, for example, the
initial phase of the field or perhaps even its fluctuation
from pulse to pulse.

2 Theoretical description

The electron energy spectrum is obtained by solving the
Time-Dependent Schrödinger Equation (TDSE) numer-
ically. The method, in which the 3D wave function is
expanded on a set of spherical harmonics and radial B-
splines functions has been described elsewhere (see [1,2]).
Since Alkali atoms have only one electron on the outer-
most energy shell, and considering the moderate field in-
tensity used in our context, it is safe to assume that only
the valence electron will play a role in the dynamics of the
system. Therefore, the atom is modeled by a single active
electron experiencing a pseudo-potential [3] accounting for
the frozen inner electrons.

The approximations related to the interaction with the
field are the ones commonly used in this type of compu-
tation, i.e. we work within the dipole approximation and
the electromagnetic field is semi-classical with a Gaussian
pulse shape. Atomic units are implied unless otherwise
stated.
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Fig. 1. Plot of the electromagnetic field used in this paper: the time-dependent field and intensity and the intensity in the
frequency domain.

Once the TDSE is solved i.e. the state of the system is
known at any time, the angular distribution of electrons
ejected with energy Ek is obtained at the end of the pulse
via the following projection:

∂P

∂Ek∂Ωk
(Ek, θk, φk) = |〈f (−)

k (r)|ψ(r, t = Tfinal)〉|
2 (1)

where ψ(r, t = Tfinal) the total wave-function at the end

of the pulse. The Coulomb wave f
(−)
k (r) is expanded in

terms of spherical harmonics:

f
(−)
k (r) =

∞∑
l=0

(i)le−iδlφlEk(r)Y0∗

l (θk, φk) (2)

where δl = Arg Γ (l+1− iZ
k

) is the Coulomb phase shift in

the lth partial wave. We adopt this definition of the phase
together with the asymptotic behavior of the radial part
of the bare atom continuum wave function that reads:

φlEk(r) ∼ sin(kr +
Z

k
ln(2kr)−

lπ

2
+ δl) for r→∞.

(3)

The magnetic quantum number m is set to zero due to the
linear polarization of the field (which prevents transitions
between different m’s) and the s-character of the initial
state for which m = 0.

3 Results

3.1 ATI spectrum

First of all, we examine the spectrum (Fig. 2) of electrons
emitted when shining an ultrashort linearly polarized laser
pulse onto atomic cesium. The field is defined as:

E(t) = E0e−( t
2τ )2

cos(ωt+ φ) (4)

with the following characteristics: laser wavelength of
620 nm (~ω = 2 eV), a Gaussian pulse (τ = 1.75 T ) with
a Full Width at Half Maximum (FWHM) of 6 fs and a
peak intensity (E0 = 1.19×10−3 a.u.) of 5×1010 W/cm2.
We have chosen cesium in this study because at this wave-
length it ionizes via two-photon absorption which requires
not too strong fields, reducing thus the complications of
strong field effects. The electron spectrum clearly shows
the typical features of ATI, namely a succession of peaks
with diminishing heights representing the production of
electrons with energy:

E
(N+S)
k = Eg + (N + S)ω − Ip (5)

where N is the net minimum number of photons absorbed
to ionize the atom and S the extra photons absorbed in
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Fig. 2. ATI spectrum of cesium shined
by a 6 fs pulse with peak intensity of 5×
1010 W/cm2 and wavelength of 620 nm
(φ = 0).

the continuum. The atom is initially in its ground state
of energy Eg and its ionization potential is Ip. The in-
teresting feature appearing in the spectrum and resulting
from the pulse shortness, is the rather broad profile of each
peak. This broadening is only due to the Fourier limita-
tion of the pulse. As a matter of fact, the peak widths,
respectively 0.54 eV, 0.63 eV and 0.70 eV for the peaks
S = 1, 2 and 3, are comparable with the Fourier band-
width of the pulse, i.e. 0.60 eV. Note that the broaden-
ing due to the time-dependent threshold shift is negligible
here since the ponderomotive energy doesn’t exceed one
thousandth of the photon energy; one of the reasons for
having chosen Cs. As noted above, all peaks have the same
width namely that of the pulse, irrespective of their order.
This may seem at variance with the usual picture of res-
onant few-photon processes under fluctuating field where
it is commonly understood that the effective bandwidth
in an N-photon process is Nγ where γ is the laser band-
width. Perhaps, the best way to understand the difference
is to note that N -photon ionization with a Fourier limited
pulse is a coherent process from the initial to the final
state without any intermediate steps interrupting the co-
herence. Moreover the field undergoes no stochastic fluctu-
ations [4] whose correlation function leads to an enhance-
ment of the ionization rate and also an apparent effective
bandwidth Nγ. In the present case, the process is singly
proportional to the N th power of the intensity.

We have calculated the angular distributions of the
ATI peaks and found them to be in very good agreement
with AD measured in similar conditions [5]. The compar-
ison is shown for the peak S = 1 on graph (f) of Figure 3.
The present spectrum and ATI peak AD are easily under-
stood and qualitatively predictable with the simple use
of lowest order perturbation theory, with the additional
fact that spectra are strongly broadened by the Fourier
bandwidth due to the shortness of the pulse. For that
reason it is more convenient to use a non-perturbative

time-dependent calculation which automatically includes
the effect of the bandwidth. Our objective here is not to
study the properties of the ATI peaks but rather to in-
vestigate features at photoelectron energies between the
peaks.

3.2 Off-energy peak angular distribution

The aim of this section is to focus attention on the elec-
trons emitted in the range of energy located between the
peaks S = 0 and S = 1, in the vicinity of the dip which
occurs in the electron spectrum (see Fig. 2). Specifically,
we have computed the electron AD for a set of energies
ranging from 0.02 a.u. to 0.05 a.u. The main feature to be
noted (Fig. 3) is the asymmetric AD of electrons arising in
graphs (b) to (e). The first and last graphs correspond to
AD at the respective peaks S = 0 and S = 1. As expected,
they show a perfectly symmetric shape (with respect to
90◦) as they are measured or simply calculated in pertur-
bation theory for example. Peak S = 0 corresponds to the
electrons emitted via the net absorption of 2 photons while
peak S = 1 involves 3 photons. Due to the dipole selec-
tion rule (the laser is linearly polarized), ATI peak S = 0
contains only electrons of even parity (i.e. electrons with
angular momenta 0, 2, 4, . . . ) while ATI peak S = 1 has an
odd parity (angular momenta 1, 3, 5, . . . ). In either case,
each peak is built up as a sum of transitions amplitudes
of the same parity thus resulting in symmetric AD, which
is in accordance with the usual understanding of photo-
ionization with or without ATI. Although within pertur-
bation theory regime, the maximum angular momentum
for the peaks S = 0 and S = 1 would be respectively 2
and 3, we have indicated above, further angular momenta
which may make small contributions beyond lowest order
perturbation theory, but do not affect the essential of our
arguments as we have checked in the calculation.
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Fig. 3. Angular distribution around the first minimum of the ATI spectrum i.e. at electron energies: (a) 0 a.u. (S=0), (b)
0.033 a.u., (c) 0.0345 a.u., (d) 0.03525 a.u., (e) 0.036 a.u., (f) 0.0714 a.u. (S = 1). Circles refers to experimental data [4] (φ = 0).

However, the situation changes when the electron en-
ergy approaches the position of the dip: the AD becomes
significantly asymmetric. The shortness of the pulse in-
duces a substantial broadening of the ATI peaks as can
be seen in Figure 2. Thus, as we move away from the ATI
peak main energy, the probability of observing electrons
having the peak parity obviously diminishes but remains
significant half a photon-energy away from the peak cen-
tral energy (midway between the two peaks). The same
argument holds for the adjacent peak (of opposite parity)
so that the amplitude of electrons emitted with energy
lying in between two peaks contains contributions from
either peak and therefore parity. We are now in the case
where the AD is made of odd and even parity electrons
(i.e. electrons with angular momentum of 0, 1, 2, 3, 4, . . . )
which obviously breaks the backward/forward symmetry
on to the x−y plane for light linearly polarized along the
z-axis. The only physical reason for this latter feature is
that due to the large Fourier bandwidth, there are energy
ranges in the ATI spectrum where electrons have opposite
parity with comparable amplitude. Note that the shorter
the pulse duration, the stronger the mixing.

3.3 Influence of the field initial phase on AD

So far, we have discussed the possible existence of asym-
metric AD provided that the field is Fourier limited and
that the electrons measured have an energy lying in be-
tween two consecutive ATI peaks of the electron spec-
trum. Figure 4 shows the probability density of emit-
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Fig. 4. Ionization probability in the direction of the polariza-
tion (θk = 0◦) as a function of the initial phase of the field for
electron energies around the dip. The curves correspond to the
energies for which the fluctuations are plotted in Figure 5.

ting an electron in the direction of the laser polarization
(θk = 0◦) as a function of the initial phase of the field φ
(see Eq. (4)). The three curves respectively relate to elec-
tron energy of: Ek = 0.03225 a.u. (see Fig. 5 energy posi-
tions), Ek = 0.0345 a.u. and Ek = 0.03825 a.u. All curves
exhibit significant variations of the probability as the field
phase ranges from 0 to 2π (the total fluctuations are re-
ported also in Fig. 5). In that case, the relative change
in the ionization is, respectively, 59%, 75% and 57%.
Obviously, this variation vanishes as the electron energy
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Fig. 5. Fluctuations of the probability as a function of the
initial phase of the field are reported on the electron spectrum.

approaches a central peak energy, since for those energies,
the AD are perfectly symmetric as explained above. On
the other hand, it can be large in the vicinity of the dip.
Note that the variations are bigger than 50% on an energy
range of at least 0.2 eV around the dip. This interval,
which corresponds to a relative value ∆Ek

Ek
close to 20%

is compatible with the commonly achieved experimental
energy resolution.

The explanation can be made straightforward. The fea-
tures discussed above are present whenever the energy of
the electrons measured is between two consecutive ATI
peaks in the electron spectrum, although it was illustrated
only by considering the first (2-photon absorption) and
the second ((2+1)-photon absorption) peaks. Let AM be
the total probability amplitude associated with the follow-
ing process: starting from the ground state, an electron is
brought up into the continuum via the total net absorption
of M photons. This amplitude which includes all possible
paths allowed by the dipole selection rule (linear polariza-
tion) and eventually higher order processes (more photons
involved), lead to the so called ATI peak located in the
electron spectrum at an energy defined by equation (5).
Since the electromagnetic field amplitude is of the form:

E(t) = Eof(t)ei(ωt+φ) (6)

and since the process is of order M , the amplitude varies
like:

AM = AME
M
o eiMφ (7)

where AM is the multiphoton coupling between the
ground state and the final continuum state at energy

E
(M)
k = Eg +Mω − Ip. Within perturbation theory, this

term is independent of the field. In our case, however, it
might be weakly dependent since higher order processes
are involved. Nevertheless, we will assume it constant for
the sake of simplicity, as we have estimated that our argu-
ment is not affected by such a weak intensity dependence.
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Fig. 6. Schematic representation of the electron spectrum near
peaks M and M + 1.

Since the laser pulse is very short, the field frequency
has a broad bandwidth. There is, therefore, a non-zero
probability of observing an electron emitted with an en-
ergy slightly off the ATI peak. The probability amplitude
for that observation can be evaluated as:

ÃM (Ek) = AME
M
o g(Ek)eiMφ (8)

= aM (Ek)eiMφ

where g(E) is a shape function accounting for the broad-
ening, that depends on the field bandwidth (more or less
given by the Fourier transform of the laser pulse). The

complex amplitude aM (Ek) is centered on E
(M)
k as shown

in Figure 6 and decreases rapidly at the edges. These lat-
ter considerations apply, as well, to the adjacent peak,
namely, the probability amplitude for observing an elec-
tron slightly off the peak M + 1 reads:

ÃM+1(Ek) = AM+1E
M+1
o g(Ek)ei(M+1)φ (9)

= aM+1(Ek)ei(M+1)φ.

Finally, the probability of observing the electron with an
energy somewhere between the peaks M and M + 1 (see
Fig. 6) is given by:

P (Ek = E
(M)
k + ∆E1)

=|ÃM (E
(M)
k + ∆E1) + ÃM+1(E

(M+1)
k −∆E2)|2

=|aM (E
(M)
k + ∆E1)eiMφ

+ aM+1(E
(M+1)
k −∆E2)ei(M+1)φ|2

=|aM |
2 + |aM+1|

2 + 2Re(aMa
∗
M+1e−iφ) (10)

where ∆E1 + ∆E2 = ω. The energy dependence has
been removed from the last line for the sake of clar-
ity but the terms aM and aM+1 refer to the ampli-

tudes at energy Ek = E
(M)
k + ∆E1 = E

(M+1)
k − ∆E2.

Equation (10) simply produces the interference between
the two complex amplitudes as the energy is varied.
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As expected, P (E
(M)
k ) = |aM(E

(M)
k )|2 since aM+1(Ek)

vanishes as ∆E2 increases (it equals ω in that case). Sim-

ilarly, P (E
(M+1)
k ) = |aM+1(E

(M+1)
k )|2. In both cases, the

dependence on the phase of the field disappears. On the
other hand, the interference grows as |aM | becomes of the
order of |aM+1| to be theoretically of maximum ampli-
tude (with zero minimum) when the two moduli match.
This is in complete agreement with the 3 curves plotted
in Figure 4 for the case M = 2, although the electron
energy for which the interference amplitude is maximum
is not shown here, the reason being that so far from the
ATI peak central energy, the shape function decreases very
rapidly and the very position where the two amplitudes
intercept (where they have the same modulus) is rather
peaked. An experimental attempt to resolve this minimum
with high resolution may be difficult, but, as mentioned
earlier, the interference modulations are sufficiently im-
portant over a range of energy which is compatible with
experimental resolution. An important point here is that
the interference pattern is rather independent of the ATI
peak number. Equation (10) shows that for an arbitrary
process of order M , the field phase appears as e−iφ in the
interference term and therefore varies slowly with respect
to φ independently of the process order. Looking at elec-
trons higher in the electron spectrum (higher M ’s) will
lead to the same observation with the difference that the
absolute amplitude decreases as the ATI spectrum glob-
ally diminishes for high electron energy.

The energy dependent amplitudes aM and aM+1 are
complex numbers, so that the term aMa

∗
M+1 of equation

(10) can be written as:

aMa
∗
M+1 = |aM ||aM+1|e

iθ (11)

where both the modulus and the phase depend on the
electron energy. Thus, the interference term in equation
(10) simply is:

2Re(aMa
∗
M+1e−iφ) = 2|aM ||aM+1| cos(φ− θ). (12)

This latter equation perfectly matches the behavior shown
in Figure 4.

Let us summarize at this point the features we have
found and their origin. The main effect is the asymmetry
(with respect to θk = 90◦) of photoelectron ADs, when the
energy of the detected photoelectron lies off the peak, be-
coming most pronounced at the minimum. For ultrashort

pulses, in the sense defined in the beginning, the peaks
are quite broad which makes the signal off the peak non-
negligible. Two factors influence this asymmetry: (a) the
mixing (coexistence) of even and odd partial waves in the
observed photoelectron final state and (b) the sensitivity
of the amplitude to the initial phase of the pulse; which
means the number of cycles, and in particular fraction
thereof during which significant signal is produced. Both
produce observable effects for ultrashort pulses, but they
do so for different reasons.

To disentangle their influence conceptually, note first
that if the value of the initial phase from pulse to pulse
varies randomly, a signal integrated over many pulses will
show no trace of that dependence. The effect due to the
mixing of odd and even partial waves, however will remain.
Given that the present aim of ultrashort pulse laser devel-
opment is to produce pulses of very few cycles with con-
trollable initial phase, it may not be too long before that
effect will need to be taken into consideration in photo-
ionization, even when integrated over many pulses. In that
case, fluctuations of the initial phase (from pulse to pulse)
around some value may also be accounted for in a photo-
ionization signal or even be detected through the analysis
of the asymmetry of the AD, depending on the intention
of the study. An estimate of the relevant cross-sections
for Cs as well as the existence of previous experimental
data [5] suggests that even fairly deeply into the mini-
mum these issues are within experimental reach. And it
is for this reason that high repetition rate is significant in
making up for low signal per pulse.
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